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ABSTRACT 
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way as compared to the constant Lie algebra automorphisms that are known. 
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1 Introduction 



In recent years D-branes on group manifolds have attracted a great deal of attention as an 
ideal setting for the study of D-branes in general string backgrounds. Because the world- 
sheet theories corresponding to strings on a group manifold are solvable Wess-Zumino-Witten 
(WZW) conformal field theories, one can analyse the stringy effects in great detail. WZW 
models have an underlying affine symmetry which corresponds to affine Lie algebras. By now 
D-branes associated with an automorphism of the affine algebra are fairly well understood, 
at least in the compact case [1, 2]. Different properties of these branes such as stabihty [3], 
underlying geometry [4, 5], effective actions [6, 7, 8, 9] etc., have been extensively studied. 

Despite this progress there is a wide class of D-branes (i.e., boundary conditions) of 
WZW models which are less well understood and which correspond to the preservation 
of only (super) conformal symmetry. The only models which are rational with respect to 
(super)conformal symmetry are the (super) minimal models. The compact WZW models are 
rational only with respect to the affine symmetry but not with respect to (super) conformal 
symmetry. Therefore it is not so straightforward to analyse the (super) conformal branes. 
Interesting steps in this direction have been taken in [10] . 

In the present letter we would like to attack the problem from a different side. The 
WZW model provides a typical example of a string background admitting a sigma model 
description. This allows one to undertake a complementary study of the possible D-brane 
configurations. The sigma model description is valuable since it provides a geometric inter- 
pretation of D-branes in the semiclassical limit. We would like to analyse classical supercon- 
formal conditions that are local in terms of the sigma model fields and that do have such an 
interpretation. Furthermore we want to rewrite and interpret these boundary conditions in 
terms of gluing conditions for the affine currents. At the classical level, conformal symmetry 
is too weak a requirement on its own to draw any conclusions. Besides, conformal symme- 
try by itself does not guarantee a consistent geometrical description. As has been shown 
in [11, 12], one must impose minimal supersymmetry together with conformality to obtain 
boundary conditions with a consistent geometrical description in terms of submanifolds. 

The paper is organised as follows. We begin by reviewing the most general local super- 
conformal boundary conditions of the non-linear sigma model. In section 2 we review the 
results obtained in [11, 12] ior N — 1, and in section 3 we review the N — 2 conditions 
derived in [13, 14]. These conditions are then analysed for the special cases oi N — 1 and 
N — 2 WZW models, in sections 4 and 5, respectively. Finally, in section 6, we summarise 
and discuss the conclusions. 
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2 N = 1 review 



Here we give a summary of the derivation of boundary conditions for the N — 1 supersym- 
metric non-hnear sigma model; for details, see [11, 12]. This model is given by the following 
action, 

(2.1) 

where E^i, = Qfj^^ + 5^,^ denotes a background of general (Riemannian) metric gfj,v and two- 
form B with field strength H — dB. The curvature TZ"^)^^ is defined as 

-Tpi/* _ pi/* _ pi/* I p±/ip±7 _ p±/i p±7 /Q 9\ 

apX — ^ \a,p ^ pa,\ ^ p7^ Act ^ X-y^ pai \'^-^) 

with given by 

rt:; = rv±5^'^i/.p., (2.3) 

and Vi^^ by 

At the classical level the model (2.1) has N — (1, 1) superconformal symmetry modulo 
boundary terms. This symmetry gives rise to conserved currents, namely the stress tensor 
T and the supersymmetry current G^. The components of the currents are 

G\ = r+d^x^g,. - ^r+r+r+H,.,, (2.5) 

G\ = r-d=X''g^, + '-r-V-r-H,.p, (2.6) 
r++ = g.^d^X^d^X'^ + ^^^.V'^^Vf V+, (2.7) 

r__ = ^^.a^x'^a^x- + i^^.V'^^ vL'V-, (2.8) 

and they are conserved, d^Gl^ = and d^T±± — 0. In the absence of a boundary, these 
conservation laws give rise to four conservecT charges. However, in the presence of boundaries 
one must take extra care when deriving the conserved charges from T±± and G\.. It turns 
out that the appropriate boundary conditions to be imposed on the currents are 

[ 7V+ - = 0, [g\- r^,G\ ]^^^^ = 0, (2.9) 



3 



where the world-sheet E is assumed to be IR x [0, tt] (i.e., r e IR and a e [0, tt]), and 771 = ±1 
corresponds to the choice of spin structures. Our goal is to solve conditions (2.9) in terms 
of and '4>± such that the solution is local in these fields (the locality is important for 
a geometrical interpretation of the boundary conditions). The most general local fermionic 
boundary condition allowed by dimensional analysis has the simple form 

V- = viKm+, (2.10) 

where -Rt(X) is a locally defined object which transforms as a (1,1) tensor field under 
coordinate transformations. The bosonic counterpart of (2.10) can be derived by means of 
a supersymmetry transformation,^ and reads 

a=X'^ - + 2z(P;V,i?'; + P^^g'^'Hs.pR'^W+r-, = 0, (2.11) 

where = (5^ + P';)/2. 

In [12] we have shown that the expressions (2.10) and (2.11) are the solutions of (2.9) 
provided that R^j^ satisfies the following conditions, 

gp, = P^.P';, (2.12) 

pf.R^.g^^V.R"^ + Pf,R%g^,V,R'', + P^^R^.g^^V .R"", + AP^^^P'^^P^^H^,, = 0. (2.13) 

To understand the geometrical meaning of these conditions we need to introduce new objects. 
We define a projector Q't (i-e., = Q) such that RQ — QR — —Q. The complementary 
projector tt = / — Q (/ is the identity operator) satisfies nP — Pn — P. Then, by contracting 
(2.13) with Q\, we find the condition 

^%<Qm = 0, (2.14) 

which is the integrability condition for tt. Therefore there is a maximal integral submanifold 
which corresponds to the distribution tt. We may also contract (2.11) with Q, and use the 
integrabihty condition (2.14), to obtain that Tr^^doX" = d^X^ (or equivalently Q^^d^X'' = 0) 
and thus the end of the string is confined in the directions transverse to a given maximal 
integral submanifold. 

The object R^^ carries additional information. We define a P-field^ B'^vi i-®-, a two-form 
living on the submanifold corresponding to tt, by 

^',9paK - = in^^g,.7r\ + B;,)R\. (2.15) 

^For an explicit component form of this transformation, see appendix A in [12]. 

^More precisely, a gauge invariant combination of a f/(l)-field strength and the background -B-field -B^,^. 
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Contracting (2.13) with tt and using the definition (2.15) we find that 

{dB-)^., = TT^XTT^i/,^,. (2.16) 

Thus an R^^^ which satisfies (2.13) encodes both the integrable distribution tt and the two- 
form B'^j^ hving on the corresponding integral submanifold. In addition dB^ coincides with 
the pull-back of H^j^^p to this submanifold. For details of the analysis leading to the above 
results we refer the reader to [11] and [12]. 

In summary, there is a one-to-one correspondence between local superconformal boundary 
conditions and submanifolds with extra (S-field) structure. 



3 N = 2 review 

We now turn to the N — 2 sigma model, reviewing the results of [13]. 

Any Riemannian target manifold Ai admits an iV = (1, 1) sigma model. If the geometry 
on M. is further restricted [15] the sigma model can have N = (2, 2) supersymmetry. The 
target manifold M. of the N — (2, 2) sigma model must be equipped with two complex 
structures Jl^^, and the metric g must be Hermitian with respect to both of these. These 
complex structures should be such that 

pp = ( J^, + J^,)/P, m'^P = ( J^, - J^,)5-P (3.1) 

are Poisson bi-vectors. The torsion H^i^p is then defined via the Schouten bracket of these 
two Poisson structures [16]. 

In addition to the currents (2.5)-(2.8), an = (2,2) sigma model has two further 
supersymmetry currents, Gj_, and two U{1) R-symmetry currents J±. In terms of world- 
sheet fields the currents read 

Gi = r+d^x'^j^^, + '-r+r-,r+Jl,j%JipHxa,, (3.2) 

= r-d=x'^j-,. - '-r-r-r-j^,Ji.JipH^a„ (3.3) 
j+ = (3.4) 
j_ = ti^tr-j-,..- (3.5) 

If we want to preserve the maximal possible amount of the bulk supersymmetries in the 
presence of a boundary, then in addition to the conditions (2.9) we need to simultaneously 
require the following boundary conditions for the currents G\ and J-t, 

[Gl - r]2G%=o,. = 0, [J+ - (7^1772) J-].=o,. = 0, (3.6) 
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where 772 = ±1- As a result, the conditions (2.12) and (2.13) on R^^ must be supplemented 
with the following, 

r^Ri = {r),r)2)R\JU (3-7) 

J+[^-f^|A|i.|a| -Pp] + J^[^R''\x\PZR^p]Ha^5 - J^[^R'^^xV^-yVa\R'''pPl] = 0, (3.8) 

where the case {rjirj2) = 1 corresponds to B-type and {rjirj2) = —1 to A-type models. 

It was shown in [13] that (3.8) is automatically satisfied, given the other three conditions, 
(2.12), (2.13) and (3.7). Nevertheless, it is interesting to note that (3.8) corresponds to the 
invariance of the two-fermion term in (2.11) under the appropriate combination of t^(l)- 
symmetries. 

Geometrically the N — 2 superconformal boundary conditions should be interpreted in 
terms of submanifolds of special types. However, the problem has not been solved in all 
generahty (some observations on the subject are made in [13]). Only N — 2 D-branes on 
Kahler manifolds (i.e., J+,^ = i-^-i/) are well understood in terms of symplectic geometry. 
Unfortunately this case is irrelevant to the WZW models since group manifolds are never 
Kahler. 



4 The N = 1 WZW model 

We now analyse the N = 1 boundary conditions given in section 2 for the WZW model. We 
begin by reviewing some basics pertaining to WZW models, in the process introducing some 
notation that will be useful in the analysis. 



4 . 1 Preliminaries 

The WZW models represent a special class of non-linear sigma models defined over a group 
manifold M. of some Lie group Q. The isometry group ^ x ^ is generated by the left- and 
right- invariant Killing vectors and respectively, where A — 1,2, dim Q. They satisfy 

{IaJb} = Jab'^Ic, {rA,rB} = -fAB'^rc, {lA,rB} = 0, (4.1) 

where { • , ■ } is the Lie bracket for vector fields. We restrict ourselves to semi-simple Lie 
groups, so that the Cartan-Killing metric tiab has an inverse r]^^ and can be used to raise 
and lower Lie algebra indices. Both and can be regarded as vielbeins, with inverses 
and r^, respectively. To define the sigma model, we choose the invariant metric 

9f^- = ^ ^PuVAB = ^ r^r^VAB, (4.2) 
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while Hfj^iip is proportional to the structure constants of the corresponding Lie algebra g, 

H,up = Ik iX^pfABC = Ikr^r^r'^fABC. (4.3) 

Here p and k are constants, and k must satisfy a quantisation condition. If — ±l//c, then 
Hfj,i,p is the parallelising torsion on the group manifold and this is also precisely the relation 
between the coupling constants that holds at the conformal fixed point of the beta-functions. 
Since we are interested in the conformal model, we set = l/fc in the following discussion. 
Moreover, since k appears only as an overall factor in our calculations, we may set k — 1. 

We thus study the sigma model (2.1) with g^j,^ and H^^p given by (4.2) and (4.3). Prom 
the above properties follows that the left- and right-invariant Killing vectors satisfy 

"^i-^n = 0, VWr^ = 0, (4.4) 

where V^,"^-* are the affinc connections defined in (2.3). The relations (4.4) arc the Cartan- 
Maurcr equations for our group manifold. They imply the existence of chiral (antichiral) Lie 
algebra valued currents, 

= l^D^^^", = -T^D^^\ (4.5) 

obeying D^J± — 0. The components of these currents are defined as 

2i = Jt\. kl = -iD^Jt\. (4.6) 

It is important to notice that there are two different sets of bosonic affine currents, /C^ and 
A;^, related to each other by 

(4.7) 

ft'4f — '^4f ^ 2JBC J+J+-> 

where 

Kt ^ l^d^X^, JCi ^ -<9^X^. (4.8) 

In terms of group elements g, they correspond to the currents /C= — g~^dg and JC^ — dg g~^. 
However, here we will stick to the coordinate representation. 

Note that, on a group manifold with metric (4.2) and torsion (4.3), with p^ — 1/k, the 
four-fermion term in the action (2.1) vanishes. Using the Lie algebra valued fermion fields 
defined in (4.6), 

= Itr-. jt = -r^K, (4.9) 

we can rewrite (2.1) as 

S = j d^^ [d^X^^d=X''E^, + ij^r]ABd^j^ + ij^ilABd=3f^ , (4.10) 
where the bosonic part can be written in terms of the group elements as usual. 



7 



4.2 Boundary conditions 

Here we discuss the = 1 superconformal boundary conditions which we reviewed in 
section 2, for the WZW models. The conditions (2.10) and (2.11) can be rewritten in terms 
of the affine bosonic and fermionic currents, as 

if = VlR^J^: (4.11) 

JCt - R\lCl + {fsM^R%R'l - foL^R^c - -^^dR^) 3^31 = 0. (4.12) 
Here we have defined 

R\ = -I'XRV^. CnR\ ^ k^Dd,R\, k^A^r^A- R\lt (4-13) 

Thus : ^ — > g (8) g* is a map from the group to the tensor product of the Lie algebra 
with its dual. 

In terms of Lie algebra quantities, the conditions (2.12) and (2.13) can similarly be 
rewritten as 

R^aVcdR'^b = VAB, (4.14) 

/abc — R^R^bR^Idlm = —VlmR^Ic^aR^b]- (4-15) 

The condition (4.15) is a first-order differential equation for the gluing matrix R^^- The most 
obvious solution of eq. (4.15) is a constant matrix R^^, i.e., CcR^b — 0- ^^^^ R\ 
corresponds to a Lie algebra automorphism of g. The boundary conditions (4.11) and (4.12) 
are then local in terms of the affine currents. This case is best known and geometrically 
corresponds to (twisted) conjugacy classes [4, 5]. Note that (4.15) allows also nonconstant 
R^B to be Lie algebra automorphisms, as long as they satisfy C[aR^b] ~ ^■ 

Although it is plausible from a technical point of view to write the boundary conditions 
in a local form for the affine currents, there is no physical reason why all (in some sense) 
reasonable conditions should be local in these currents. At the level of sigma models, however, 
locality in terms of and -0^. is necessary for a geometrical interpretation. 

Another interesting point is that, if we require the two-fermion term in (4.12) to be 
absent, then combining this with (4.15), we find that R^^ is constant along tt, that is, 
n^j^dnR^B — 0. Thus it corresponds to a Lie algebra automorphism along tt. 
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5 The N = 2 WZW model 



5.1 Preliminaries 

The problem of = 2 supersymmetry for WZW models was first addressed in [17, 18, 19]. 
However, we will not follow the original presentation; instead, the basic approach used here, 
as well as some of the results, may be found in [14] . 

The complex structures J^^, are, respectively, left- and right-invariant, and are of the 
form 

where and j\ are constant matrices acting on the Lie algebra. Restricting attention 
to the left-invariant complex structure J"^, bulk supersymmetry imposes the following con- 
straints, 

^c^B = (5.2) 
J^aVcdJ^b = Vab, (5.3) 

fABC — J^AJ^sfoLC + J^J^cIdLA + J^J^foLB- (5.4) 

Thus we need to construct a J\ on the Lie algebra g satisfying (5.2)-(5.4). This is possible 
only for even-dimensional Lie algebras. J"^ has eigenvalues ±i, and we choose a basis 
Ta — {Ta,Ta) on the Lie algebra g such that is diagonal: 3% — 18%, J| = — ^<^1" 
In this basis eq. (5.3) leads to rfab — rjal — 0) (5-4) gives fabc — fabc — 0- Taken 
together, this imphes that /^b*^ = and /-^"^ = 0, so that the two sets of generators {Ta} 
and {Ta} form Lie subalgebras of g, call them g+ and g_, respectively. These subalgebras 
are maximally isotropic subspaces with respect to tjab- Thus the complex structures on 
the even-dimensional group are related to a decomposition of the Lie algebra g into two 
maximally isotropic subalgebras with respect to tjab, such that g = g_ © g+ as a vector 
space. Such a structure is called a Manin triple (g,g_,g+), and was initially introduced 
by Drinfeld in the context of completely integrable systems and quantum groups [20]. The 
relevance of Manin triples to = 2 supersymmetry on group manifolds was pointed out in 
[21]. 

In the general situation the A'^ = (2,2) WZW model would be equipped with a left 
Manin triple (g, g_, g+), and a right Manin triple (g, g_, g+). However, both left and right 
Manin triples are defined with respect to the same ad-invariant bilinear nondegenerate form 
TjAB- If the left and right Manin triples are the same (i.e., J"^ = j\ modulo a Lie algebra 
automorphism), then the bivector (J_|_ — J_)g~^ defines a Poisson-Lie structure. Here we 
consider the situation where the left and right Manin triples are the same; for different left 
and right Manin triples the generalisation is straightforward. 
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5.2 Boundary conditions 



In this section we study the imphcations of the N — 2 boundary conditions (reviewed 
in section 3) for the WZW model. The currents may be written in terms of Lie algebra 
quantities (see appendix A), and the boundary conditions corresponding to (3.7) and (3.8) 
read 

RVb = (r7ir?2) J^i^^B, (5.5) 

JnmR^[a^bR'^] — 0. (5.6) 

We first analyse the B-type conditions, {riiri2) = 1. In this case eq. (5.5) implies that, in our 
chosen basis, R^ — 7?"^ = 0. Then we find from the N — 1 condition (4.15) that (recall that 

fabc fabc 0) 

fabc — fdlmR'''aR\R'% = -VlmR^l {^[aR\]j , (5.7) 
fabc - fdlmR^aRhR"^ ^ -VlmR"^ ('^[a-^'b]) " (5-8) 

Using (4.14), we can write this as 

fab^R^s - fmLRZR\ = -^[aR\], (5.9) 
falR\ - frhnR1R\ = -^[aR^ly (5-10) 

For the A-type conditions, (771772) = —1, eq. (5.5) implies that R\ — R\ — 0. The 
relations corresponding to (5.7) and (5.8) for A-type are then 

fabc - fdlmRlRlRT = -VlniRi [^[aRh\) , (S-H) 

fabc - fdlinR\R''lR"c = -fllmR"i (jl[aR''^j , (5-12) 

or equivalently, 

fab^R^s - fihiRZR\ = -^[aR\y (5.13) 

falR\ - fmlR"aR"b = -^[aR^ly (5-14) 

Let us analyse the B-type equation (5.9) in detail (the analogous consideration can be 
applied to (5.10), as well as to the A-type equations). To understand the geometrical content 
of this condition, we first consider the vector = — R^Ji, with respect to which the Lie 
derivative in (5.9) is taken. We can ask when /c^ satisfies the Lie algebra bracket 

{K,h}^-f^,^K. (5.15) 

To obtain the answer, we use that the vectors and generate the algebra g_, 

{L, lb} = fab %, {ra, n} = -/„;. ^e, {L, n} = 0. (5.16) 
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We find that satisfies (5.15) if and only if the following holds, 

fab^R\ - fmnR"^R"b = -^[aR^b]' (5-17) 

This is precisely the condition (5.9). 

If R\ is constant then we find that it corresponds to an automorphism of the Lie algebra 
g_. In this case has a clear geometrical interpretation: it generates a twisted adjoint 
action of the group Q [5] . 

However, we are interested in the general case of nonconstant R^^. It is clear from the 
analysis above that this generalisation occurs in a controlled way. It simply modifies the 
vector k^ by allowing X-dependence of the map i?'^ in the definition of k^. Moreover, the 
deviation of R\ from being an automorphism is governed by (5.17). 

In conclusion, we see that the most general N — 2 superconformal boundary conditions 
are a very precise generalisation of the well-known ones that correspond to constant Lie 
algebra automorphisms. In geometrical terms, the resulting D-branes are related in a specific 
way to the known D-branes that correspond to conjugacy classes of Q. 

It is interesting to examine the integrability conditions for eqs. (5.9), (5.10), (5.13) and 
(5.14). We focus on (5.9), hit it on both sides with Cc and antisymmetrise in a, b and c, to 
get 

f[ah^c]R\ - frrin^[c {^"aR'b]) = -2C[XaR' b]- (5.18) 

Using that £[a^fo] — ~fab'^^d (which follows from (5.15)), we then rewrite the right-hand 
side of (5.18) as 

flab%d\R'c], (5.19) 

which, using (5.9) as well as the Jacobi identity, expands to 

f[ab^c]R^d + fmiif[abR"\d\R\ (5-20) 

On the other hand expanding the left-hand side of (5.18), and again using the Jacobi identity, 
yields 

f[ab^c]R\ + '^fmnf[ab^R"\d\R"'c] ■ (5-21) 

Thus (5.18) is satisfied if and only if (5.20) and (5.21) are equal, i.e. the condition for (5.9) 
to be integrable is 

fmnfiab'R'UR'c] = 0- (5.22) 

This equation arises in Lie algebra cohomology, and is solved by 

R":fmnRl = fs,'T\, (5.23) 
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for some T^. For simple Lie algebras the corresponding cohomology is trivial and this is 
the only solution to (5.22). If T'^ = it!'^, then (5.23) implies that R'-^ is a Lie algebra 
automorphism, and otherwise the difference fo),^{T^q — -R'^) = ^{aR\] is a measure of the 
extent to which it fails to be such an automorphism. 

With the appropriate change of indices these results also apply to the remaining equations 
(5.10), (5.13) and (5.14). 

6 Discussion 

In this letter we have analysed the local classical superconformal boundary conditions for 
non-linear sigma models with specific target spaces, namely group manifolds. Information 
about the local boundary conditions is encoded in the gluing matrix i?^ : Q — > g (8) g*. 
Using the special features of WZW models we found the conditions that R% has to obey 
to preserve superconformal symmetry on the boundary. These conditions are a set of first- 
order differential equations for the gluing matrix. In the case oi N — 2 supersymmetry, 
these equations become especially interesting, and we also analysed their integrability. The 
geometrical significance of these results remains to be determined. 

Our analysis is entirely classical and the well-known D-branes corresponding to Lie alge- 
bra automorphims are special solutions of our conditions. 

At the quantum level the WZW models are not rational with respect to (super)conformal 
symmetry and therefore it is problematic to analyse the (super)conformal boundary condi- 
tions by means of a rational CFT. Thus, at present, at the quantum level, a full description 
of D-branes on group manifolds is still an open problem. It would be interesting to see if 
there are classical branes with nonconstant R\ which have a quantum counterpart. 
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A N=2 currents for the WZW model 



Here we list the components of the N — 2 stress tensor T±±, supersymmetry currents G]_ 
and G^, and R-symmetry currents J±, in terms of the Lie algebra valued affine currents 
and /C^. These are obtained by substituting the relations (4.2), (4.3), (4.8) and (4.9) into 
the expressions (2.5)-(2.8) and (3.2)-(3.5). 





T++ = /C^t^ab/C^ + ij^r)ABd^j+, 


(A.l) 




T__ = JCtrjABlC^ + ij^VABd=j^, 


(A.2) 




G\ = j^ABlCl + '-4j^fyABC, 


(A.3) 




G\ = jtvABlCt + Ij^f.fjABC, 


(A.4) 




■A T irB aA-B-C jD tL tM f 
— J+Jab/^-^^ — -^3+3+3+ J A'J B^ CJDLM, 


(A.5) 




■A J y~B ''' -A -B -C jD jL jM f 

= 3_ JabI^= - -^3-3-3- J A-J B-J CJDLM, 


(A.6) 




J+=3i3+JAB, J- =3-3- Jab. 


(A.7) 
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